ON FACTORIZING F-MATRICES IN J^(s/„) AND Uq{sl^) SPIN CHAINS 
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Abstract. We consider quantum spin chains arising from Af-fold tensor products of the fundamental 
evaluation representations of y (sZ„ ) and V(q{sln)- Using the partial F-matrix formalism from the seminal 
work of Maillet and Sanchez de Santos, we derive a completely factorized expression for the F-matrix of 
such models and prove its equivalence to the expression obtained by Albert, Boos, Flume and Ruhlig. 
A new relation between the F-matrices and the Bethe eigenvectors of these spin chains is given. 



1. Introduction 

The first application of Drinfel'd twists [T] [51 [3] in the context of the algebraic Bethe Ansatz was by 
Maillet and Sanchez de Santos in In this seminal paper, the authors considered a representation of the 
Drinfel'd twist - which they called the F -matrix - on a tensor product of finite-dimensional irreducible 
modules of the underlying quantum affine algebra. Letting Vi denote such an irreducible module for all 
1 < i < A^, the F-matrix Fi . jv £ End(14 ® ■ ■ ■ ® Vn) was defined as the solutiorQ of the equation 



(1) P<y(l)...iy(N)Ri...N — ^1 



1...N 



for all permutations a € Sn, where jy ^ specific product of the i?- matrices associated with the 
quantum affine algebra in question. An important result of |3] was an explicit construction of -Fi...jv 
in the particular case of the algebras 3^(5/2) and Uq{sl2), which later found use in the algebraic Bethe 
Ansatz approach to the XXX and XXZ spin-i chains, respectively [5 . 

An extension of the results in 4 to algebras of higher rank was obtained shortly afterwards by 
Albert, Boos, Flume and Ruhlig in [6]. In this work, the authors obtained a summation formula for 
F1...N satisfying ([T]), in the case where the i?-matrix is of the type corresponding to y{sln), and went on 
to study the Bethe eigenvectors of the higher rank XXX spin chains under the change of basis induced 
by the F-matrix. What is missing in 6^ is a construction of Fi...Ar using the partial _F-matrix approach 
developed in [4 . Moreover it is natural to expect that the sl{n) factorizing problem can be solved by a 
reduction, in {n — 2) steps, to the sl{2) factorizing problem whose solution is known 4 . Such a method is 
in keeping with the spirit of the nested Bethe Ansatz O [8] , which is the technique used to construct the 
eigenvectors of these models. Indeed, in the nested Bethe Ansatz approach to the sl{n) spin chains, the 
eigenvectors of the transfer matrix are obtained via (n — 2) reductions to the sl{2) problem, the solution 
of which is known from the algebraic Bethe Ansatz [5]. 

The purpose of this paper is to settle the questions raised in the previous paragraph. Our main 
result is a new formula for the F-matrix F'i...Ar for A^-fold tensor products of the fundamental evaluation 
representations of y{sln) and lAq{sln)- We will show that the F-matrix admits the completely factorized 
expression 



(2) F,., 



.N 



p2 Z?"~l P" 

^l...N ■ ■ ■ ^ N...1^1...N^ 



pn „ odd 

^ N...1 ■ ■ ■ -'^^ N...1 l...N^ <t ouu. 



where each ^ has an analogous form to the F-matrices of [3] , and is composed of a product of partial 
F -matrices F^ ,. ,x . as follows 

\'^) ^l...N — -f^l, 2-^^12, 3 • ■ • ^1...{N~1),N- 

A key feature of our work will be the notion of tiers. Throughout the paper we say that each F^ ^ is 
situated at tier-fc in reference to the fact that it depends on the interaction of only k state variables, or in 
other words, has sl{k) type behaviour. To prove that the F-matrix ^ satisfies the factorizing equation 
([T|) we proceed on a tier- by-tier basis, establishing an sl{k) version of this identity for all 2 < fc < n. 



^AU solutions of arc related by elementary transformations, so we say that this equation admits a unique solution. 
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This achieves the aim mentioned in the last paragraph. As we will show, the expression ^ turns out to 
be equivalent to the result obtained in [Q, despite the fact that our construction is quite different. 

In our recent paper |10| we presented a review of ^ , working in terms of a new diagrammatic notation 
motivated by the six- vertex model. The cornerstone of our approach was a diagrammatic representation 
of the partial i^-matrices used in [4] . In this paper we generalize our previous notation jlOl , to allow a 
diagrammatic description of the sl{n) i^- matrix For clarity of exposition, we will present algebraic 
and diagrammatic versions of almost every equation. 

In Section 2 we collect a number of definitions which are used throughout this work. These include the 
sl{n) type i?-matrix, its reduction to sl{k) (which we call the tier-fc i?-matrix), and the tier-fc partial and 
complete F-matrices. In keeping with our previous paper [10], we define these objects both algebraically 
and in terms of diagrammatic tensor notation similar to that of Penrose [TP . In Section 3 we give our 
expression for the F-matrix ^ , and prove that it satisfies the factorizing equation (HI) . The proof is very 
transparent, since it relies only on two simple identities involving the tier- A: partial F-matrices. Section 4 
contains examples of our formula ^ in the special cases of sl{2) and sZ(3). The sl{2) case is included for 
completeness, so that the reader can compare with the original work in 4j. The si {3} case illustrates how 
the components of the tensor -Fi. jv can be extracted in general, and allows us to explain the equivalence 
of our formula to that obtained in . 

In Section 5 we study other properties of the _F- matrix which were proved in [S], namely its lower 
triangularity and invertibility. Section 6 contains a review of the nested Bethe Ansatz expression for the 
eigenvectors of the y{sln) and Uq{sln) spin chains. We derive new formulae relating these eigenvectors 
with the F-matrices studied earlier in the paper. 



2. Definitions and expression for F-matrix 

2.1. Preliminary remarks on notation. In all instances we use n in reference to the Lie algebra 
sl{n), while N is used for the length of the spin chain in the models being studied. 

We will consider many different tensors of varying rank. The building block of all these tensors is the 
n X n elementary matrix F^*^') which acts in the vector space V = C", and whose components are given 

by 

(4) {Ec^^yn ^ s,k5,i. 

More complicated tensors Ti. jv are formed by taking linear combinations of tensor products of the 
elementary matrices Here we use the subscript 1 ... to indicate that Ti,, ^ acts in Vi (g) ■ • • CS) Vn, 
where each Vi, . . . , Vn is a copy of C", and it informs us that Ti,,,m is a rank 2A tensor of complex 
dimension n. In general we will use the notation 



31---JN 

In 



(5) m...iv)ij::: 

to indicate the components of Ti. jv, where each index takes values in the set {1, . . . , n\. 

It will be our practice to omit certain dependences, where they are unnecessary in the context. For 
example, in the case of the sl{n) i?-matrix (defined in Subsection 12. 2p we will write R12 instead of 
i?i2(ui,U2), since the dependence on wi,U2 is already implied by the subscript. A similar convention 
will apply to tensors of higher rank. 

2.2. i?-matrix, Yang-Baxter and unitarity equation. In this paper we consider quantum spin 
chains based on fundamental evaluation representations of y{sln) and Uq{sln)- The R-matrix for these 
models IHl is of the form 



(6) R,2{uuU2)^a{u,-U2) ^ E^^'^ E^^ + b{u, - u^) ^ F^'f^-''^'^ 



^^3 



J2 (c+(wi - U2)E[''>Ef^ + c^im - U2)e[''>E 

l<i<j<n 



where e\^''\ e'^^'^ denote the elementary matrices (|4]) acting in the respective vector spaces Vi, V2, and 
Ml, 1*2 are the rapidities associated with those spaces. The weight functions a,b,c± are given by 

u rj 
(7) a(u) = 1, b{u) = — ■ — , c±{u) 



U + 7] U + 7] 



in the case of y{sln), and by 

(8) a{u) = 1, b{u) 



sinh u 



sinh(u + rj) 



, c±(m) = 



sinh r/ 



sinh(u + 77) 



in the case of Uq{sln), where 77 is the crossing parameter of the model. In order to encompass both 
of these cases, we will simply refer to © as the sl{n) R-matrix, and make no further reference to the 
particular values of the weight functions. 

Often we will find it more natural to talk about the components of the sl(n) i?- matrix, rather than 
its tensorial form. From the definition (|6]) we find that the components are given by 



(9) 



3132 _ 

i-2 



a{ui — 


■U2), 


h 


= 12 = 


= ji = 




b{ui - 


U2), 


ii 


= 31, 


«2 = 


h, h 7^ *2 


c+{ui 


- "2), 


ii 


= J2, 


«2 = 


ji, ii < «2 


c_(ui 


- U2), 


ii 


= j2, 


»2 = 


ji, ii > h 



0, 



otherwise. 



Notice that for clarity we omit the dependence on the rapidity variables when discussing the components 
of tensors. We will represent the components of the i?-matrix diagrammatically as a pair of intersecting 
lines with indices, as follows 



32 



31 



(10) 



(Ri 




In this diagram, the top half comprises the arms of the vertex and the bottom half comprises the legs 
of the vertex. Collectively we call them the limbs of the vertex. The indices {ii,i2, ji, j2} will be called 
colours. In general, each limb of a vertex is assigned one of the colours {1, . . . ,n}. As is apparent from 
the two colours on the arms must be the same as the two colours on the legs, or else the vertex has 
weight zero. 

Whenever we draw an i?-vertex within a larger diagram, we need a systematic way of identifying 
which limbs comprise its arms and which comprise its legs. We do this by ensuring that any given line 
in the diagram (associated with a space Vk) will have one end terminating at the bottom of the diagram 
(corresponding to the index ik) and one end terminating at the top of the diagram (corresponding to the 
index jk). This induces a bottom-to-top orientation on every line, and hence a bottom-to-top orientation 
on every vertex, fixing its arms and legs in the same way as described above. To translate between the 
algebraic and diagrammatic versions of a tensor, we assume that left-to-right multiplication corresponds 
with bottom-to-top contraction in a diagram. 

At times when we draw i?-vertices, we may omit indices from the limbs. The meaning of this omission 
depends on context. If the limb is connected to the limb of another vertex, the omission of the index 
implies that it is to be summed over all values {1, . . . If the limb is external to the diagram, the 
omission of the index simply means that we have no interest in its value. For example in the case of 



33 32 31 



(11) 



(i?i3i?23)^^g^ = E(^i3)^:^(i?: 



3233 

23 jijfca 



fc3=l 



1 



*2 «1 n 



the index on the line connecting the vertices is omitted because it is constrained to the summation and 
plays no role. 

Lemma 1. (Yang- Baxter and unitarity equation.) 

(12) -^23^13^12 — R12R13R23, 

(13) R21R12 — Il2- 
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in diagrammatic notation, the components of these relations may be written as 



33 32 31 



(14) 



(15) 



"1 



«1 «2 «3 

h 31 



33 32 31 



«1 «2 13 
32 jl 



Proof. Both of these relations can be proved by comparing the components of the tensors on the left and 
right hand sides, and estabhshing each as a scalar identity. For more information on these equations and 
their role in exactly solvable models we refer the reader to [13j [HI [15] . □ 



2.3. Identity matrix. The identity matrix I12 is given by 

(16) h2= E 

l<2,_;<n 

Alternatively, in component form, we have 

(17) (/l2)^^g 

We will represent the components of the identity matrix diagrammatically as a pair of lines which do 



^iljl ^1232 ■ 



not intersect, 



32 



31 



(18) 



{I- 



12) 



\3l32 _ 




2.4. m jY as a bipartite graph. Let a{l, . . . ,N} = {a{l), . . . ,a{N)} be an arbitrary permutation 
of the set of integers {1,...,A'^}. A standard device is to represent this permutation as a bipartite 
graph. This is achieved by writing down two rows of integers {A^, . . . , 1} and {(t(A^), . . . , (t(1)}, the 
former directly above the latter, and connecting each integer i in the top row with i in the bottom row. 
The only constraints on the graph are that no three lines may intersect at a point and that no line may 
self-intersect. We denote the resulting graph by G{(7). 

Using the diagrammatic representation pUj) of the i?-matrix, we define ^ to be the rank 2A^ 
tensor corresponding to the graph G(cr). That is, its components (i?^ N)il ^"^^ given by afhxing 
the rows of indices {v(Ar): ■ • ■ : V(i)} to the bottom and {jtv, ■ • ■ to the top of the graph G(cr). For 
example, when N — 5 and a — {5, 2, 4, 1, 3} we have 



35 3i 33 32 



(19) 



h il ii h «5 

which may be expanded in tensor notation as 

(20) R1...5 = -^25-^45^31-^35-^15^13-^14-^34^12- 

Generally there are many ways of drawing G{a), giving rise to different intersections between the lines. 
However, all ways of drawing G{a) are equivalent up to applications of the unitarity (1151) and Yang-Baxter 
equation (jl4p . so there is no ambiguity in the definition. 



The definition of the tensor i?^ ^ is crucial to the remainder of the paper. The problem considered 
by Maillet and Sanchez de Santos in 4^ is to construct an invertible matrix i^i...Ar satisfying 



(21) K. 



-1 



■ N — a{l)...a{N)-' 



for all permutations a G Sn, giving rise to the terminology factorizing F -matrix. To do this we will seek 
a solution i^i...Ar of the equation ([T]) before showing (in Subsection I5.2p that Fi...jv is invertible. This is 
in agreement with the approach used in |B] for the y{sln) spin chains. The new feature of our work is an 
independent expression for -^1...^, which will be shown equivalent to that obtained in [6| in Subsection 
4.31 using the following lemma. 



Lemma 2. Let {ii, . . . , ijv} be any set of integers taking values in {1, . . . , n} and let cr, p be any two 
permutations o/ {1, . . . , N} which satisfy 

(22) V(i) < ■ • • < «o-(JV), ipii) < ■ ■ ■ < ip{N)- 

Then we have the following equivalence between the components of the graphs i?J jy and i?^ j^, 

(23) iK..N)t:i:-iK..N)il:i:- 

Proof. Up to applications of the unitarity and Yang-Baxter equation, the graphs corresponding to a and 
p only differ from one another in the ordering of the spaces at the base of the diagram. Furthermore, 
thanks to the assumption (j22p . they only differ within groups of consecutive identical colours. Now we 
observe that e["'^ E^'"^ Ru = E["^E^''hi2, for a\\ I < i < n (this arises due to colour conservation and 
the chosen normalization of the i?- matrix) . The lemma is proved by repeatedly applying this relation to 
consecutive pairs of spaces with identical colour in the graph for cr, until the graph for p is produced. □ 
This method of proof may be illustrated by consideration of an example. For N — 5 and i2 — i^ — 
is = 1, ii = ^3 = 2, two permutations which achieve the required ordering (1221) are a — {5, 2, 4, 1, 3} and 
p = {2, 4, 5, 1, 3}. We then find that 

is 34 h 32 ji k ii h h ji is ji 33 32 31 



(24) = 



= «..5) 



5/11. ..15 ' 



13 ii ii 12 h h ii ii h h h h «5 H »2 

(2) (2) (1) (1) (1) (2) (2) (1) (1) (1) (2) (2) (1) (1) (1) 

where for transparency we have indicated colours in brackets below the relevant indices. The first equality 
between diagrams uses the relation ^^i?25 = £;^"^£;^"^/25, then e[^^'> E^^^''> R45 = E^^^^ E^^h^^. 

The second equality between diagrams is simply a rearrangement of the non-intersecting lines. 

2.5. Tier-fc version of i?-matrix and Yang-Baxter equation. Another definition which is essential 
to the remainder of the paper is that of the tier-k R-matrix. This effectively constitutes a reduction of 
the sl{n) i?-matrix to sl{k). Such a reduction is characteristic of the nested Bethe Ansatz approach to 
the sl{n) XXX and XXZ spin chains and is therefore natural in the construction of the F- matrices for 
the same models. For all 1 < fc < n we define the tier-fc i?-niatrix i?^2 ^-s 

(25) Rl2=h2+ E Ef^Ei''\R,2-h2). 

l<i,j<k 

The effect of this definition is that R12 behaves like an identity matrix in the presence of any colours 
greater than fc, and like an ordinary sl{n) i?-matrix otherwise. The special cases fc = 1 and k — n 
warrant further mention. Since e[^^'^ E2^^\Ri2 — 112) = we clearly have RI2 = Ii2. Furthermore, since 
Si<^j<n^^"^^2''^ = ^12 we see that R^^ = i?i2. 
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In component form, we have an even simpler understanding of the tier-A; i?-matrix, 

(i?i2H^4', «i<fcandi2<fc, 



(26) 



12 



{h2)lli^, ii>koTi2>k. 



We will represent the components of the tier-fc i?-matrix diagrammatically in the same way as the 
ii!-matrix itself, except it will bear an additional label, as follows 



J2 31 



(27) 



k \jlj2 _ 



12 




tier k 



Using equation (pS)) we may also realize the right hand side of ([?7)) in terms of existing diagrams. In 
particular, we observe that 



J2 ]1 



(28) 




32 31 




tier k ^ * 



H «2 

h ji 




ii < k and Z2 < fc. 



ii > k 01 i2 > k. 



«1 «2 

Lemma 3. (Tier-k version of the Yang-Baxter and unitarity equation.) 

/9n\ T)k ryk T}k r}k ryk ryk 

\Atj) ^23-"'13^12 ~ ^12^13^23' 

(30) i?21-^12 = -^12- 

Proof. We write the components of the Yang-Baxter equation ([29]) and the unitarity relation pOI) dia- 
grammatically as 



J3 J2 Jl 



33 32 31 



(31) 



(32) 




tier k 



\ tier 



31 



tier k — 



l2 M 



respectively. 

To establish the tier-fc Yang-Baxter equation, we must consider two cases. Case 1. All the incoming 
colours {«i,i2,*3} are less than or equal to k. In this case the tier-fc i?-matrices behave as ordinary 
i?-matrices, so the relation holds by virtue of Lemma [T] Case 2. At least one incoming colour, is greater 
than k. In this case the vertices carrying that colour become identities and the relation becomes a trivial 
equality of tier-fc i?-matrices. For example, when i^ > k we have 



33 32 31 



33 32 31 



(33) 



tier k ^ 



tier k 



«2 H 



The tier-fc unitarity equation is established by considering similar cases. 
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□ 



2.6. Tier-fc partial i^-matrix. Let the tier-k monodromy matrix (N-i) n ^'^ ^^"^ tensor formed by 
contraction of {N — 1) ticr-fc i?-matrices on the vector space Vn, 



.Rf 



(34) 

In accordance with our comments on subscripts in Subsection 12.11 i?^ 



{N-1),N 



acts in Vi 



Vi 



Diagrammatically we may represent a contraction by simply joining an arm of one tier-fc i?-matrix to a 
leg of another. Thereby, we may write the components of tier-fc monodromy matrix diagrammatically as 

Jn Jn-I jN-2 32 jl 

L 



(35) 



.{N-l 



\Jl---]N _ 
),N)ti...iN - 



tier k 



iw-i jjv-2 ii ii iN 

Here we have not written indices on the internal lines of this diagram, since on these lines a summation 
is implied over all colours {1, . . . , n}. Indeed in this case and in many of the cases that follow, it would 
be cumbersome and unnecessary to assign indices to such internal lines. 

Similarly to above, let a string of identity matrices Ii...(n-i),n be the tensor formed by contraction 
of {N — 1) identity matrices on the vector space V^v, 

(36) Il...{N-l),N = IlNhN ■ ■ ■ I(N~1)N- 

We may write the components of this string diagrammatically as 

jN jN-l jN-2 h jl 



(37) 



/rfc \3i---3N 
l-'l...(7V-l),Af7ii...ijv 



1-N-l «Af-2 



l2 ll IN 



in which the lines do not intersect. In this tensor there is no interaction between the spaces. 

Having fixed the definitions p4l) and we now introduce the tier-k partial F-matrix {N-i) n 
which is central to our construction of the factorizing i^-matrix. We define it as 

(38) 



^l...(N-l),N 



J^N ^1...{N-1),N + 2^ J^N ^1.. 



{N-1},N- 



l<i<T 
i^k 



by taking n = fc = 2 we recover the definition found in The components of F^ (JV-i) n ^^^^ '^^^^ ^^'^ 



This definition extends that of the sl{2) partial i^- matrix, given in |4], to algebras of higher rank. Indeed, 
by taking n = fc = 2 we recover the definition fount 
categories, depending on the value of the index ijv, 

(39) iFLiN-i),N)t 



■ ■iN 



Ul...(Ar-l),Arjii 



In ' 



IN 



(^l...(Ar_l),A')ii\..i" J iN ^ k. 



In diagrammatic notation we will represent the components of the tier-fc partial i^-matrix as 

jN jN-l jN-2 ia jl 

L 



(40) (Ff..i»-„,»);;::,i; = 

where in view of (j39p we may write 



y Y — ^ tier k j 



*Af-l *Ar-2 



12 ll In 



(41) 



tier k 



tier k 



iN = fc. 



iN ^ fc- 



On the diagram for the tier-fc partial F-matrix, the box containing the symbol fc represents sensitivity 
to the colour entering on that line. If the colour is equal to fc, then it is a string of identity matrices, 
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otherwise it is a tier-A; monodromy matrix. In proving identities involving the tier-fc partial i^-matrices, 
we will often find it useful break the proof into two cases, namely that where the colour at the box is 
equal to k and that where the colour at the box is not equal to k. 

Note that in equation (j4ip we have omitted all of the indices which were bystanders in the definition. 
On occasion we will omit such indices for the sake of clarity. 



2.7. Tier-fc F-matrix. Proceeding in analogy with [4j, the tier-k F -matrix ^ is constructed as a 
product of {N ~ 1) tier-/c partial F-matrices. We define 



(42) 



^l...N — -^^1,2^12,3 • ■ • ^l...(7V-2),(7V-l)^l...(Ar-l),^r• 



We may write the components of the tier-k F-matrix in diagrammatic notation as 



3n JN-I JN-2 JN-3 33 J2 31 





1 1 


[ 1 














1 « 


1— 



(43) {Fi...N)t:: 



J1---JN 

■In 



tier k 



[k] [k] [k] - [k] [k] \k] 

il »2 h H iN-2 'N-l iN 



Once again we remark that the internal lines in this diagram are assumed to be summed over all colours 
{1, . . . ,n}. Hence the diagrammatic way of writing the components of F^ ^ is much more convenient 
than using purely symbolic notation, which would require introducing N{N — 2) dummy indices to encode 
the summations. 

Notice that F}^ ^ does not act symmetrically on the quantum spaces Vi • • • ® Vn ■ Therefore it is 
sometimes of interest to consider the same object, but with a permuted action on the quantum spaces. 
To this end, for all permutations cr of {1, . . . , N} the tensor ^^(i) ct(jv) assumed to be same operator 
but now acting on V(j(i) ® • • • V„(^Ny In Subsection 12.81 we will be particularly interested by the 
permutation (t{1, . . . , N} = {N, . . . , 1} which reverses the order of the quantum spaces. 



2.8. Factorizing F-matrix. Using the definitions made up to this point, we now give an expression 
for the solution of the factorizing equation (PT|) . the F -matrix. It is constructed as a product of tier-fc 
F-matrices, where fc ranges over {2, . . . , n}. We define 



^i...N-^N...i ■ ■ ■ ^N...i^i...N^ even, 

(44) Fi...Ar 

^N...1^1...N ■ ■ ■ ^ N...1^1...N^ "- 



We remark that the ordering of the quantum spaces is reversed at each step from tier-fc to tier-(fc — 1). 
This explains why the definition of the F-matrix depends on the parity of n. In the special case n — 2^ 
this formula collapses to the expression of 0] for the sl{2) models. 
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Combining our previous diagrams, we can write the components of the i^-matrix in diagrammatic 
notation as a chain of tier-fc F-matrices. We have 



JN 





































^1 



tier n 



H..::;..a...n..S. 



(45) 



( T? \jl---iN _ 

i-^l---JV)»i...ijv - 




tier 2 



2J L2j [5 - [5 [5 [5 

ii ■■■ i« (n even) 



In 



ii (n odd) 



Here the dotted lines are used to demarcate the tiers, and the order of indices at the base of the diagram 
depends on the parity of n. In the case n = 2 we have only a single tier, and this diagram specializes to 
the one obtained in [TO] . 

From its definition, it is straightforward to see that tier-/c of the _F-matrix only admits non-trivial 
interaction between the colours {1, . . . Any line bearing a colour greater than k will simply peel 
away from this part of the lattice. Hence we say that tier- A; has a reduced, sl{k) type behaviour. This 
decomposition of the F-matrix into structures which are reduced iteratively, is reminiscent of the nested 
Bethe Ansatz approach to the sl{n) spin chains [7j|8]. We review the nested Bethe Ansatz in Section 6 
and make this correspondence more concrete, by showing that the i^-matrices and the Bethe eigenvectors 
of these models are explicitly linked. 

As a final comment, in the case n = 2 the i^-matrix obeys the recursion relation 



(46) 



^"1...^ — -Fl...(JV-l)-P'i. 



.(A'-l),Ar 



. This recursion 



in which all action in the quantum space Vn comes via the partial _F-matrix {N-i) i\ 
allows an inductive proof of formulae for the twisted monodromy matrix operatorq^ in the ^(5/2) and 
Uq{sl2) models as in |T. Unfortunately, as is easily checked, a similar recursion relation does not exist 
in the cases n > 3. This makes it harder to prove formulae for the twisted operators of the higher rank 
models but we shall not be concerned with this problem in this paper. 

Factorization Theorem. The F-matrix |4^[ ) satisfies the factorizing equation 

(47) F^{l)...a{N)Rl...N = Pl---N 

with respect to bipartite graph jy, for all permutations a . The next section is devoted to the proof of 
this result. 

3. Proof of Factorization Theorem 

The proof proceeds by establishing lemmas for passing individual i?-matriccs firstly through tier-fc 
partial i^-matrices, then tier-fc i^-matrices, and finally the i^-matrix itself. 



^The twist of tiie operator Oi...jv is defined to be -Fi...jvOi,.,jv-F'j^ ""^^y- 
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3.1. Two lemmas involving tier-fc partial F-matrices. We establish two lemmas for passing tier-fc 
i?-matriccs through ticr-Zc partial i^-matrices. The first lemma involves a tier-fc i?-matrix which is not 
at the leftmost position, namely, not -R(jv-i)Ar- 

Lemma 4. For all 2 < k < n and 1 < i < N — 1 we have 



(48) 



.{i+l)i...(N -l),N^i(i+l) ^ l...(N ~1),N ■ 



Proof. We present an entirely diagrammatic proof. In diagrammatic form, the proposed equation 
becomes 



(49) 



tier k — 



tier k 



Notice that the tier-fc i?-vertex on the left hand side cannot be attached to the leftmost two lines, 
ensuring that the condition i < — 1 is satisfied. Let us now consider the possible values of the index 
In occurring at the position of the box. There are two cases which require separate treatment, as we 
describe below. In either case, the first and last equality is due to the definition (HT|) of the tier-fc partial 
_F-matrix. 

Case 1, In = k. We use the top part of the definition (PT|) to obtain 



(50) 




tier k _ 



In 



tier k 



In 



tier k 



^1 tier k 



The first and last equalities follow from the definition of the tier-fc partial i^-matrix and the second 
equality is trivial. 

Case 2, in ^ k. We use the bottom part of the definition (|4T|) to obtain 



(51) 



In 



tier k 



tier k 



In 



\ tier k 



In 

^1 tier k 



In this case we have used the tier-fc Yang-Baxter equation ([29]) to achieve the second equality. 
The second lemma involves a tier-fc i?-matrix which is at the leftmost position, namely, 



□ 



{N-l)N- 



Lemma 5. For all 2 < k < n we have 
(52) ^'^ ^'^ 



^l...(N-2),N-^l...(N-2)N,{N-l)-^(N-l] 



N 



^N (N -ly l...(N -2).XN -1)^ l...(N -l),N ■ 
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Proof. Again we give a diagrammatic proof. In diagrammatic form the proposed equation (I52p become^ 



(53) 




itier k 




tier k 



tier fc - 1 



We emphasize again that the tiei-k R-vertex on the left hand side is attached to the leftmost two lines. 
From here we divide the proof into four cases, corresponding to the possible values of the indices iN-ii 
situated at the position of the boxes. In each case, the first and last equality is due to the definition (pij) 
of the tier-fc partial i^-matrix. 

Case 1, iN-i = k, iN = k. Applying the top part of the definition (|4T|) to both the iN-i and i^r lines, 
we obtain 



(54) 





tier k _ 




tier fc 

















1 1 


1 1 


(— — ( 


1 1 


^ tier fc 






1 1 


1— — ( 


1 1 












tier fc - 1 



The second equality follows from the fact E^^^'' e''2^'' R'l2 — e'"^^^ e'^c^^^ Ii2, while the third equality is a 
trivial rearrangement of identity matrices. 

Case 2, in-i ^ k, im ^ k. Applying the bottom part of the definition (|4ip to both the im-i and 
lines, we obtain 



(55) 




^ tier k 




tier fc 



■^Here and in several subsequent diagrams, lines will be displayed using red and blue purely for added clarity where 
colour viewing is available. 
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tier k 

















1 1 


1 1 


(— — ( 


1 1 


^ tier k 






1 1 


1— — ( 


1 1 












tier fc - 1 



The second equality is achieved by repeated apphcation of the tier- A: Yang-Baxter equation (Lemma [S]). 

Case 3, in-i fc, im = k. Applying the bottom part of the definition (j4ip to the in-i line and the 
top part of the definition (|4ip to the in line, we obtain 



(56) 





tier k _ 




tier fc 



tier fc 




tier k 



tier fc 




The second equality is achieved by application of the tier-fc unitarity relation, while the third equality is 
a trivial rearrangement of the position of the identity matrices. 

Case 4, iN-i = k, in ^ k. Applying the top part of the definition (j4ip to the ijv-i line and the 
bottom part of the definition (|^T|) to the line, we obtain 



(57) 




tier k 




^ tier fc 



tier k 




The second equality follows from a trivial rearrangement of identity matrices, while the third equality is 
simply a redrawing of the diagram. □ 



3.2. A lemma involving the tier-fc i^-matrix. The following lemma, a corollary of the previous two, 
allows us to pass a tiei-k i?-matrix through a tier-Zc i^-matrix. Loosely speaking, this lemma allows us 
to deconstruct the sl{n) factorizing problem into a series of reductions from sl{k) to sl(k — 1), for all 
values of k. 



Lemma 6. For all 1 < i < N and 2 < k < n we have 



(58) 



k 

l...(i+l)i...N^'^i(i+l) 



R 



fc-1 



;^l...Ar- 



Proof. The tier-fc i?-matrix entering at the top of the diagram may be translated vertically through the 
lattice, by iV — i — 1 applications of Lemma|4l Then a single application of Lemma [5] causes the extraction 
of a ticr-(fc — 1) i?-matrix from the base of the lattice. □ 
For example, by setting N — 7 and i = 3, we obtain 



(59) 



^ ^ ^ ^ ^ ^ 



tier k 
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U 1 1 1 1 




tier k 



T] [k] [k] [k] [k] 



tier k 




tier k-1 



The first equality is achieved byA^ — i — 1 = 3 apphcations of Lemma |31 and the second equality is 
achieved by one application of Lemma [5] Notice that as a result of this procedure the order of the two 
participating lattice lines is reversed. 



3.3. Proof of Factorization Theorem for individual i?-matrices. This lemma, a corollary of the 
previous one, allows us to pass an individual i?-matrix through the i^-matrix. When viewed as permu- 
tations, the individual i?-matrices correspond to adjacent site-swaps which form a generating set for the 
set all permutations. 

Lemma 7. For all 1 < i < N we have 

(60) Fi...{t+i)i...NRi{i+i} = Fi,,,N- 

Proof. We firstly recall that R12 = R12, from the definition of the tier-rt i?-matrix (pSj) . Then by using 
the expression pi)) for the F-matrix we have 



p2 

^ l...{i+l)i...N ■ 



■ f: 



n — 1 

N...i(i+l)...l-^ l...{i+l)i...N-"'i{i+l)' 



F 

1 -'- 1 



n-l 



1 ^ 1 



(61) -Fi...(i+i)i...Af^i(i+i) 

I T?'i 1 

Af...i(i+l)...l^ l...(i+l)i...JV -"-1(4-1-1)' 

Now by making (n — 1) applications of Lemma [6] we obtain 

R(^+l)^FLN■■■FJ^:^F^...N, neven, 

n odd. 



n even, 



odd. 



(62) 



Fi...(i+i)i...NRi{i+l) 



pi p2 ??" 

^i{i+l)-^N...l ■ ■ ■ ^ N...1-^1...N^ 



Finally, using the fact RI2 = I12 we see that the tier-1 i?-matrices on the right hand side of (p^ act 
as the identity. Then the right hand side matches the definition of the F-matrix (|44l) and the proof is 
complete. □ 
For example, by setting n — N — 7 and i = 3, we obtain 
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In the above, each equahty results from a single application of Lemma El In the final diagram we draw 
the tier-1 i?-matrix at the base as an identity matrix. 
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3.4. Proof of Factorization Theorem. In the previous subsection we proved the Factorization The- 
orem for individual i?-matriccs. For all permutations a the bipartite graph i?^ ^ is just a composition 
of such i?-matrices, and we obtain the general proof by repeated application of Lemma [T] □ 



4. Examples 

In this section we present some examples which clarify the structure of the sl(n) i^-matrix (j44p . We 
will firstly consider the s^(2) case of (|44l) . when it reduces to the formula of [4]. Then we study in more 
detail the next simplest example, namely the s^(3) specialization of (j44p . Finally for completeness we 
give the expression for the sl(n) F-matrix as it appeared in [6^, and show that our result is equivalent. 



4.1. sZ(2) F-matrix. Taking the n — 2 specialization of (011), we see that Fi. jv is equal to a single 
tier-2 F- matrix Expanding this in terms of its tier-2 partial F-matrices, we recover the formula 



(64) 



r\...N — -^1^2^12, 3 ■ • -^X.. 



(N-1),N 



where we have defined 



(65) 



p2 _ 77.(22) J p(ll) p2 



for all 2 < z < iV. Recalling that in the n = 2 case the tier-2 i?-matrices satisfy R12 = R12, this matches 
the expression for the sl{2) F-matrix given in [3]. Diagrammatically, for n = 2 we have 



JN JN-I 3N-2 ]N-3 J3 ]2 Jl 



(66) 



- — 1 


1 1 


1 1 


>— 














1 1 


(— 






(— 



1...N) 




tier 2 



[2] - [2] [$ [$ 



il J2 *3 



'JV-2 »JV-1 2lV 



where the labeling of the tier is now redundant. Notice that this object behaves in the same way as the 
diagram defined in [TU] , if each colour variable 1 is interchanged with an arrow pointing up the page and 
each colour variable 2 is interchanged with an arrow pointing down the page. 

The labels {ii, . . . ,iN} at the base and {Jn, ■ ■ ■ , Ji} at the top of the diagram indicate that we are 
dealing with the component (Fi . jv)^^ "^" of the F-matrix. For a particular choice of . . . ,iN} it is 
useful to have a rule for expressing this component solely in terms of products of _R-matrices. Starting 
from the label 12 and progressing towards in, we use the following rule. 

The colour ik can have the value 1 or 2. Ifik — 1, the row of dotted vertices associated with ik becomes 
a row of R-matrices, and the base of this line remains stationary. If ik — 2, the row of dotted vertices 
associated with ik becomes a row of identity matrices. In this case these vertices become uncoupled, and 
the base of the line should be repositioned to the left of all other lines. Repeat for all 2 < k < N . 

We illustrate this procedure with a simple example. For n ~ 2, N = 7 and {ii, 42, *3, *5j iei ^7} — 
{1,2,2,1,2,1,1} we obtain 
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J7 J6 J5 J4 J3 ]2 n 



U 1 1 1 



(67) 



-<l 41 (»- 



tier 2 



^ ^ ^ ^ ^ ^ 

ii 12 13 U h is ir 
(1) (2) (2) (1) (2) (1) (1) 



J7 ]6 35 Ji ]3 32 31 



ll l2 is «4 ^5 *6 «7 

(1) (2) (2) (1) (2) (1) (1) 



h k 35 ji h h 31 



















V 









































is «3 «2 ii ii «6 «7 

(2) (2) (2) (1) (1) (1) (1) 



where the first equahty is due to the definition of the tier-2 partial F-matrices (PT|) . and the second 
equality is obtained by trivial rearrangement of lines which do not intersect. 

Notice that this simple algorithm ends by producing a bipartite graph, with incoming colours which 
are monotonically increasing from right to left. To this effect, let a be any permutation of {1, . . . , A^} for 
which V(i) < • • • ^ V(A'). Considering the ordering properties of the algorithm described, it is apparent 
that 

(68) iF^...^)t:-i:-(^...N)t:i:- 

Generally, there are many permutations a which order the incoming colours as required. However, the 
formula ((68)) is independent of this freedom of choice for tr by virtue of Lemma [2] 



4.2. sl{3) F-matrix. For n — 3, Fi. jv is a product of a tier-2 and tier-3 F-matrix (j42p . Expanding 
these in terms of their tier-2 and tier-3 partial F-matrices, we obtain 

(69) -Fl...Af = Fn,{N-1)Fn{N-1),{N-2) ■ ■ ■ ^N... 2, 1^1, 2^12, 3 ■ ■ ■ Fl...{N-l),N 
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where we have defined 



-^]V...(i+l),i — -f^i '■N...{i+\),i+ y^i ) -n-N...{i+l),i^ 



(71) .,,-1), = + (i^l"^ + E^') 

for all values of i. Diagrammatically, for n = 3 we have 

iw iw-i i«-2 jjv-3 is i2 ii 



(72) {F,...^)ii:Z 




tier 2 



2] [2] [1] ... ^ ^ |] 
jAr»W-lijV-2««-3 «3 12 »1 

As in the previous case, we introduce a rule for evaluating the components of the i^'-matrix in terms of 
products of i?-matrices. This time we start at the label In and progress towards ii, as described below. 

Each colour ik has an associated row of dotted vertices in tier-2 and in tier-3. The combined length 
of these rows is N — 1. The colour ik can have value 1, 2 or 3. If ik = 1, both the rows associated to this 
colour become rows of R-matrices, and the base of this line remains stationary. If ik = 2, the associated 
row in tier-3 becomes a row of R-matrices, while the associated row in tier-2 becomes a row of identity 
matrices. The latter row decouples, and the base of the line should be repositioned to the left of all other 
lines bearing the colours 1 or 2. If ik = 3, the line decouples completely from tier-2 and the associated 
row in tier-3 becom,es a row of identity matrices. These also decouple, and the base of the line should be 
repositioned to the left of all other lines bearing the colours 1 or 2. Repeat for all N >k > 1 . 

Again we give an example. For n = 3, N = 7 and {ii,i2, h, U, h, ie, i?} = {2, 3, 1, 1, 2, 3, 2} we obtain 



(73) 




tier 2 



2] [2] [2] [2] [2] [2] 



tr Je Is li i3 i2 «i 
(2) (3) (2) (1) (1) (3) (2) 
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]7 JS 35 ]i 33 32 Jl 



17 l6 l5 J4 «3 «2 *1 

(2) (3) (2) (1) (1) (3) (2) 



37 js 3a 34 h h jl 



(3) 



l2 «1 

(3) (2) 



% »7 

(2) (2) 



«4 «3 
(1) (1) 



where the first equahty is established by the definitions of the tier-fc partial _F-matrix (|41l) and the tier-fc 
i?-matrix (P7)) . for fc = 2, 3. Note that tier labels are not required here as the vertices in tier-2 no longer 
have any interaction with the colour 3. The second equality is established by trivial rearrangement of 
lines which do not intersect. 

As in the n = 2 case, we find that this algorithm also produces a bipartite graph whose incoming 
colours are monotonically increasing from right to left. Hence if ct is a permutation of {1, . . . , N} for 
which jo-(i) < • • • < irT{N), then 

(74) iF,...^)t:Z = ii^...N)t:Z 

as it was in the sl(2) case. Extending these ideas to arbitrary n, it is not hard to see that this formula 
will apply in general. We discuss this in the next subsection. 

4.3. Generalization to sl{n). We are now ready to discuss the equivalence of our expression for 
the sl{n) i^-matrix with that obtained in (j . According to [B], the i^- matrix can be written as 



N 



(75) 



Fi.. 



.N 



E 

CTeSjv Ql,...,C(JV i=l 



where the sum ^* is over all increasing sequences of integers ai, . . . , aN £ {1, ■ ■ ■ ,n} satisfying the 
conditions 

ai < ai+i; if o-(i) < o-(i + 1), 
ai < ai+i, if a{i) > + 1). 
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(76) 



Consider isolating a particular component of this tensor, (-F'i...Ar)^J "^". Due to the projective properties 

of the elementary matrices, it is clear that the only contribution to (-Fi...Ar)^j^ will come from terms 

containing the product H^i E'j:''^''\ It turns out that there is precisely one such term in the summation 
([75]) . namely 

N 

(77) n^w'^^i-A' 

k=l 

where we have defined ak = ia-{k) i with a the unique permutation such that ^(i) < • • • < ia-{N) o,'<^d 
satisfying a{k) < a{k + 1) when ak = ctk+i- Therefore we deduce that 

(78) iFi...N)t:Z = iK..N)t:i: 

where a is the permutation described above. By Lemma [21 we are free to replace the permutation on 
the right hand side with any permutation which puts the colours {ii, . . . , i^} in weakly increasing order. 
This result is in agreement with those obtained in the preceding subsections, which discussed the n = 2, 3 
specialization of our formula (|44)) . Hence we argue that the two expressions (|44)) and (|75|) for the sl{n) 
i<"-matrix, despite the difference in their appearance, are equivalent. 



5. Further properties of the i^-MATRix 

5.1. Lower triangularity. As discussed in [6 , the sl{n) F-matrix (j75D is lower triangular and its 
diagonal entries are non-zero. Together, these two facts imply its invertibility. To prove them we resort 
to considering the components of ((75|) . and we observe that lower triangularity is equivalent to the 
condition 



(79) 



1...N) 



0, if ik — jk for all 1 < fc < / — 1 and ii < ji, 



for any 1 < Z < A^. The statement about the non-zero entries on the diagonal is equivalent to the 
condition 



(80) 



iFi-N)t:Z + 0' if = 3k for alll < fc < AT. 



We now give a simple diagrammatic argument to deduce both the statements (j79p and 
explicit form (j78p of the components of the i^-matrix, we have schematically 



n n ji 



Using the 



(81) 



(TP \jl---jN _ (' DCT \il---jjV _ 



*tr(«) «cr(Af-l) «tr(m) «o-(m-l) V(3) 'o-(2) «tr(l) 



where a is any permutation satisfying V(i) £ • • • <i V(Ar)- Now consider the line corresponding to the 
Vi space, which connects the indices ii and ji. We will refer to this as the fine. Since any two 

bipartite graphs with the same bottom-to-top connectivity are equal, we can drag the («i, ji) line to the 
base of the diagram in the following way. 



(82) {F,...^)il 



cr(m)<T(m-l) • • ■ -Rcr(m)(T(l) -^2. . . Af ) 



J1---3N 

N /i-i.. .ijv 



J3 32 



R" 



(m)) 



l<y(N) V(JV-l) «tr{m) V(m-l) «(r(2) V(l) 

where a{m) = 1 and a is the permutation of {2, . . . , Af} which results from deleting the line from 

the diagram for ^. 

By assumption, the colours at the base of the diagram to the right of ia{m) = H decrease monotonically. 
Applying the principle of colour-conservation to the line which has been extracted from the diagram, it 
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is obvious that (i^i...Af)^'^' f " = if ji > ia{m)i or equivalently ji > ii. Furthermore in the case when 
ii = ji we obtain 



m — 1 



(83) 



fe=i 



where for convenience we have defined the function 

a{uk - ui), ik = ii, 



(84) 



b{uk - ui), ik > ii, 
b{ui - Uk), ik < k- 



Hence up to a non-zero factor we arrive at the bipartite graph obtained by deleting the (*i,ji) hue 
completely. For example, if we apply this decomposition to the final diagram in (|73p . we obtain 



]7 Js 35 H 33 32 31 



(85) 



H 
(3) 



l2 ll 15 J? »4 H 

(3) (2) (2) (2) (1) (1) 



37 36 35 34 33 32 



r 



31 



(<2) 



(3) 



«2 «1 «5 «7 «4 «3 

(3) (2) (2) (2) (1) (1) 



Colour-conservation ensures that the diagram has weight zero for ji > ii — 2, while when ji = ii = 2 
the line peels away as the product of weights 



(86) 



a{ui - U5)a{ui - ur)b{ui ~ U4)b{ui ~ u-s) ^ Yl_ {ui,Uaik))- 



fe=i 



Iterating the above argument over the remaining index pairs, (^2, J2), • ■ • , {'i-N,jN), it is clear that both 
properties ([7^ and ([501) are satisfied. 



5.2. Construction of the inverse. In the previous subsection we proved two properties of the F-matrix 
(j75p which imply its invertibility. In this subsection, once again following [6] , we explicitly construct the 
inverse. The key object in this approach is the matrix F* ^, defined as 



N 



(87) 



F1...N - Kil)...a{N)'[[Ea 



1=1 
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where the sum ^** is over ah decreasing sequences of integers ai, . . . , un G {Ij • • • , satisfying the 
conditions 

a, > QJi+i, if (T(i) > cr(i + 1), 
ai > Qfi+i, if a{i) < a{i + 1). 



In the above equation ^^(i) (j{n) denotes the bipartite graph formed by writing down the two rows 
of integers {(t{N), . . . ,a{l)} and {N, ...,!}, the former directly above the latter, and connecting each 
integer i in the bottom row with i in the top row. Using completely analogous arguments to those of 
Subsection 14.31 we find that the components of F^' ^ are given by 



(89) 



N) 



\3l---3N _ 



(-Rct(1)...(t(W))ji\..' 



31---3N 
ijv 



where a is any permutation satisfying jo-(A') < • • • < Jcr(i)- 

The result of [B] , which we now proceed to prove diagrammatically, is that 



(90) 



,Un)= Yl ^ij{Ui,Uj) 

l<i<j<N 



where A12 G End(Vi (g> V2) denotes a diagonal matrix, whose components are given by 



(91) 



(Ai 



To prove the equation ([TO]) we shall consider its components. Firstly, for the components of Fi,,,nF* ^ 
we find that 



{^l...N-fi,,,N)ii...if, — [-fl...N)^^,,,^^ [-^^ 1...N ) ki . . .kr, — \^l...N )ii...iN \^p(l)...p{N)hi...kM 

where summation is implied over the indices {fci,...,fc7v} and a,p are two permutations satisfying 
ia(i) ^ • • • ^ V(A') and jp(N) < • • • < ip(i)- Diagrammatically, we write this equation as 

jp{N) jp(N-l) 3p(l) jp(l-l) jp(2) ip(l) 



(92) 



( T?* \h---iN _ 

[^l...N-fi...N)ii...i,^ - 



V(JV) 'cr(JV-l) »tr(m) «er(m-l) V(2) »<t{1) 



Similarly to the technique employed in the last subsection, we reposition the (ii, Ji) line of this diagram 
in two equivalent ways. 



3p(N) 3p{N-l) 3p{l) 3p{l-l) 3p(2) 3p{l) 



(93) {F,...NFl,,^y^^ 



* \3i---3n 

In 



R" 



r 



(>Mi)) 



(< V(™)) 



«tr(W) «<r(JV-l) »a(m) V(m-l) *tr(2) V(l) 
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{<jp{l)) 



r 



(> V(™)) 







~- 1 






II - II 















ta{N) V(m+1) «a(m) «(r{2) «cr(l) 

Here we have assumed that a{ra) = p{l) = 1, and a and p are the permutations of {2, ... , N} obtained 
by deleting the (ii, ki) and (fci, ji) hues from a and p, respectively. 

We stress that in these diagrams the colours in the top row are monotonically increasing from left 
to right, while those in the bottom row are monotonically decreasing from left to right. Applying the 
colour-conservation principle to the upper diagram in (j93p . it follows that the summation index ki is 
constrained to the values ia-{m) > fci > jp(i) ■ On the other hand, applying the same logic to the lower 
diagram in constrains ki to the values ^(m) < < Jpii)- Therefore, {Fi,,,nF* j^)l^'''f" = if 
ii 7^ ji- When ii — ji, we use the upper diagram in to obtain 

m-l l-l 



(94) 



N) 



\n---3N 



&n,«„(.) (,"1, "<t(s) j n ^Ji'Jp(t) ("1' "p(t))(-R2... 

s=l t=l 



\k2. 

N)i2. 



.feiV 

.ijv 



\]2---jN 

p(2)...p(N))k2...kM 



and up to a factor, the (ii, ji) line peels away from the diagram. 

Iterating this procedure, it follows immediately that Fi,,,nF^' ^ is diagonal. Furthermore, when 



ifc — jk for all 1 < fc < iV we obtain 
(95) iFi...NFl 



\J1---JN 

.N )ii . ..In 



n 



l<k<l<N 

which matches the components of the right hand side of (^0]) . Having proved ([SU)). one obtains the 
following formula for the inverse of the _F-matrix, 



(96) 



l<fe</<Af 

This formula, together with the formula for the i^-matrix itself, gives a completely explicit factorization 
(PT|) of the permutation jy. 

6. Bethe eigenvectors of quantum spin chains 

The purpose of this section is to study the eigenvectors of quantum spin chains arising from tensor 
products of the i?-matrices ([6]). Our results are the formulae (I128P and (|129l) . which directly relate 
these eigenvectors with the i^-matrices discussed earlier in the paper. It is hoped that this formulation 
may lead to an alternative framework for the study of objects such as scalar products and correlation 
functions. 

In Subsections I6.2H6.5I we give a brief review of the nested Bethe Ansatz for constructing the eigen- 
vectors of the sl{n) XXX and XXZ spin chains. Our review is based on 18^, and we refer the reader to 
this paper for more information. In Subsections 16.61 and 16 . 71 we present a diagrammatic interpretation of 
the Bethe eigenvectors, which motivates the new formulae to be given in Subsection 16.81 

6.1. Useful notations. Firstly, for convenience, for all integers 1 < fc < n we define its conjugate k by 
(97) k = n-k + l. 

Let us introduce n sets of rapidity variables 
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whose cardinalities satisfy Ni > N2 > ■ ■ ■ > Nn- Here we use superscripts to indicate the set of rapidity 
variables being considered, and subscripts to indicate a particular member of that set. The set w^^^ shall 
constitute the quantum inhomogeneities of the model, while v'^'^\ . . . , collectively comprise the Bethe 
roots. In the case n = 2 we obtain a single set of Bethe roots, which is consistent with the algebraic 
Bethe Ansatz approach to the sl{2) spin chains. 

In a similar way, we introduce n sets of space labels 

<,(") - /J") o("h 

s — -^s-i^ , . . . , SjY^ J-, 

which will be used as subscripts of the operators in our scheme. In all instances, an operator with the 
subscript s G s'^^^ acts linearly in the vector space 

(98) Vs=&. 

Whenever we have no interest about the space in which an operator acts, we will simply omit its subscript. 
We will also consider operators which act in tensor products of the vector spaces ((98|) . Therefore it is 
useful for us to define the global vector spaces 

Vm Vm = V,(i) , 

*1 "Ni 



S<")) 



with each V^{k) denoting a copy of C'^. 

6.2. Family of L-matrices. For all 1 < fc < n — 1, let s G s'^^^ and define the L-matrix 

l<i<j<k 



l<i<k 



l<i,j<k 



where each elementary matrix is assumed to be fc x k. The L-matrix itself should be considered k x k, 
with operator entries acting in the vector space Vs = C'^'. For example, in the case k = n — 1 we have 

/ f a{u) \ f \ \ 
b{u) )^ [ c+{u) 



(99) 



4-1) (u) 



V 



c_(w) 




b{u) 
a{u) ^ ) 

These L-matrices are actually equivalent to sl(k) _R-matricefl, but we now wish to emphasize their action 
in one particular vector space Vs, with the remaining space being purely auxiliary. 



(100) 



6.3. Family of monodromy matrices. Using the L-matrices (|99| of the previous subsection we define, 
recursively, a family of monodromy matrices. The first of these is that through which the spin chain 
itself is constructed, namely 

Ti'\u) = L% {u - 4)) . . . L% [u - .(^)) ^ l}% {u - «(!)) 



where we use blackboard bold face as a shorthand for a product of operators. This should be interpreted 
as an n X n matrix whose entries are operators acting in the tensor product of quantum spaces V^(i) . 
The transfer matrix t{u) is given by the trace of T^^^u) over its auxiliary space, 

(101) t{u) =tT T'^^^u), 

and it is the goal of the nested Bethe Ansatz to find the eigenvectors of the transfer matrix. Namely, we 
wish to construct states Ivl/) £ Vg(i) satisfying 

(102) t{u)\^)=£^{u)\^), 



However, they are not the same as tier-fc sl{n) _R-matrices, which are constructed from n X n elementary matrices. 
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where (u) is a scalar. 

It is convenient to put the monodromy matrix (|100p in the 2x2 block-form 



(103) 



where A'-^^u) is the top-left entry of T^^^u), B^'^\u) is a row vector of length (n — 1) formed by the 
remaining entries in the top row of T("'^)(m), and D^^^(m) is the bottom-right {n — 1) x (n — 1) sub-matrix 
ofT(i)(w). We use the ★ symbol to indicate entries that play no role in the scheme below. Notice that all 
of the entries depend on the variables v^^\ but for conciseness we do not write this dependence explicitly. 
Now for all 2 < fc < n we define 



(104) 



which is a fc X fc matrix whose entries are operators acting in V^(i) (g) ■ ■ • (8) V^(fc) , and where D^''^ (u) comes 
from the 2x2 decomposition of the preceding monodromy matrix 



(105) 



r('=-i)(M) 



For the purpose of constructing eigenstates of the transfer matrix t{u), the important parts of these 
definitions are the operators i?*^'^^(u). We use them in the next subsection to build the eigenvectors of 
(fTUTD . 

6.4. Algebraic expression for Bethe eigenvectors. The operator B^^'>{u) should be considered a 
row vector of length k. Therefore it may be viewed as belonging to the dual of some /c-dimensional 
vector space, which we are only now interested in specifying. For all 2 < fc < n we introduce the 
operator products 

(106) B%iv('^^) = B^%iv['^)...B^%ivPj 

where, following up on our above remark, it is assumed that 

(107) 5^w(^'f ^) e End(V,(i) ® ■ • • ® V,(.-i)) ® 
or equivalently, 

(108) M% (i;^^)) e End(V,(i) • ■ • ® V,(.-i, ) ® V:,., . 

In order to give the expression for the Bethe eigenvectors, we need finally to introduce some reference 
states. For all 1 < fc < n and sf'^ G s'-'^-' we define the length-fc column vectors 



(109) 







V / 



£ V 



(k) 



which have a 1 in the first entry, and in all remaining entries. We then set 

(110) = |1) m ® • • • ® |1) m e V,(.). 

The eigenvectors of the transfer matrix t{u) are given by 

(111) \^{v^'\. ■ . , v^''^)) = ^% (v^^^) ■ . -Biri, (^^^"))|l>.(i) ® |1>.(2, <S>---® 

where the parameters v^^\ . . . , w*^") satisfy the nested Bethe equations [8| which we do not list here, as 
they are not needed. From the relations (jlOSp and (jllOp it can be seen that |\I'(u'^^', . . . ,«'-"')) G V^(i), 
as required. 
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6.5. Algebraic expression for dual Bethe eigenvectors. It is possible to modiiy the preceding 
formalism slightly, and construct vectors (^(t;*^"\ . . . jW*-^-*)! in the dual space V*(i) which are eigenstates 
of t{u). To this end let T^'^\u) be as given by (fTOO|) . and for ah 2 < fc < n define 



(112) 



where D^'''>{u) comes from the 2x2 decomposition of T^'' ^\u) as shown below, 

^^^•^^ ^ ^""'-y C^^){u) D(^\u) 

Here C'^^^{u) is a column vector of length fc, formed by the left-most column of entries in T'--^ ^H"") with 
the exception of the top- left. We let 

(114) C%M'^)^d%{vf^)...C^%{vfj, 
where each product of operators C^^], (w*^*^-*) satisfies 

(115) dti,(t;«) eEnd(V:(i, ®-.-®V:(,_i,)®V,(.). 
The dual Bethe eigenvectors are given by the equation 

(116) {^{v^^\ . . . ,«(i))| = (1|,<., ® (lL<i,d;i, (!;(")) . . . C%{v(^'^), 

where (l|s(fc) denotes the dual of the reference state (|110l) . and the variables w*-^-*, . . . , w*-"-* obey the nested 
Bethe equations. 

6.6. Diagrammatic representation of Bethe eigenvectors. We now give a diagrammatic exposition 
of the eigenvectors |5'(w'^^\ . . . ,t;("^)), which serves to clarify the meaning of the algebraic expression 
(imp . It is this diagrammatic approach to the eigenvectors which motivates equation (|128l) in Subsection 
16.81 and it would be harder to derive this formula relying purely on the algebraic form (jllip . 

To start, we introduce a convention to be employed in this subsection. For four sets of indices 
{ii,i2,h} = {i}, {ji,j2,h} = {j}, {fci,fc2,fc3,fc4} {k}, {Ii,l2,l3,h} = {I}, we shah write 

U h h h h h h 



(117) 























J 




r 












r 











{'} {j} 



{i} {k} 



This convention extends in an obvious way to sets {0 with arbitrary cardinalities. Note 

that each line on the left hand side has an associated rapidity variable, but for simplicity we omit these 
from the diagram. The condensed vertex on the right hand side has precisely the form which arises in the 
fusion of level-1 vertex models. We will find this abbreviation helpful to avoid a proliferation of indices 
in what follows. 

Consider the single operator B'^^\u). Using the definition (jlOOp and 2x2 block form (jl03p of the 
monodromy matrix T'-^^u), we express B^'^\u) as 

>2 >2 



(118) 



r 



r 



"jVi "jVi-l 



where the final diagram is in condensed form. In the middle diagram, all external vertex limbs (with 
the exception of that bearing the index 1) are unspecializecj^. These vacancies are to cater for the 2Ni 
component labels describing the End(Vs(i)) action of B'^'^^u), and the single component label describing 
the entries of the row- vector B^'^\u) itself. Notice that we label the (n — 1) entries of this row- vector 



'By this, we mean that these hmbs have no definite index value assigned to them. 
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with the mdices {2, . . . ,n} and not {1, . . . ,n — 1}. This restriction has been indicated by writing > 2 on 
the appropriate hmb. 

Building upon this, we obtain an analogous representation for products of these operators, 
(119) M%iv^^^)^B%iv^^^)...B%iv^^l) 



"2 



>2 >2 



>2 >2 













r 










r 











{>2} 



{1} 

„W „(i) 



(2) (2) 



(2) (2) (1) (1) 



where we once again use condensed vertex notation (jll7p in the final diagram. It is quite straightforward 
to generalize this picture still further, by making the identification 

{>2} {>3} {>n-3} {>n-2} {>n-l} {>ii} 



(120) ll^i(^;(2))...Bl:i,(^;(")) 















) 












J 


















r 













r 



{„_!} {„_2} {„-3} {3} {2} {1} 

„(") „(n-l) „(n-2) ^(4) „(3) „{2) „(1) 

where each of the symbols > i constrains the index on that limb to take values in {i, . . . , n\. 

The Bcthe eigenvector piip is recovered by projecting onto the state 1 1)^(1) ® |l)s(2) ® ■ ■ ■ ® • 
At the diagrammatic level, this corresponds to fixing the top row of indices in (jl20p to their smallest 
possible value. Hence we obtain the representation 

{1} {2} {3} {n-3}{n-2}{n-l}M 



(121) 



|vE'(i;W,...,i;("))) 



Il...ljV^ 















J 
















r 








J 






r 













{n-l}{n-2} {n-3} 

„(") „("-!) „(n-2) 



{3} {2} {1} W 

„{4) „(3) „(2) „(1) 



for the components of (jllip . where we use the shorthand {i} — {ii, . . . ,i7Vi}- Notice that the indices 
in the top row of this diagram increase monotonically from left to right. By virtue of the results in 
Subsection 15.21 we expect that (|12ip can be recovered as a particular component of an F*-matrix ([57)1 
for a chain of length iVi + • • ■ + Nn- We make this statement more precise with equation p30p in 
Subsection 16.81 
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6.7. Diagrammatic representation of dual Bethe eigenvectors. These techniques can also be 
apphed to represent the dual Bethe eigenvectors (|116|) . Since the details are rather similar to those given 
above, we state only the result, which says 

{j} {1} {2} {3} {n-3}{n-2}{n-l} 



(122) 



J 











J 








r 


























r 















M {n-l} {n-2} {n-3} {3} {2} {1} 

„(")„(»-!) „{"-2)„(n-3) ^(3) „(2) „(1) 

where {j} = {ji, . . . ,jAri}. In this instance the indices in the bottom row of the diagram are monotoni- 
cally increasing from right to left. Recalling the discussion in Subsection 14.31 we expect that (I122p can 
be recovered as a particular component of an F-matrix ([75|) for a chain of length A'^i + • • • + Nn- We 
make this claim more explicit with equation (jl3ip in Subsection 16.81 

6.8. Bethe eigenvectors and F-matrices. Let us introduce n more sets of labels 



(n) 



which will be used as subscripts throughout this subsection. For all 1 < fc < n, an operator with the 
subscript a G a*^*^-* acts linearly in the vector space 



(123) 



=C". 



Hence there is no difference in the dimension of the vector spaces to be used below, in contrast to the 
role played by the labeling sets s'^^ . . . , s^") in Subsection 16. II 

For all 1 < j, k < n and af^"^ G a'-'^-' we write the standard basis vectors of V^(k} as 

/ : \ 



(124) |j)„(.)= 1 GFw, 



V : / „ 

which are length-n column vectors with 1 in the j**^ entry and in all other entries. Furthermore, we 
define 



(125) 



and let (jlatfc) denote the dual of (jl25p . These definitions are direct analogues of equations (jl09p and 
(jllOp . but now in reference to n-dimensional vector spaces, rather than fc-dimensional ones. 

To state our result, we consider factorizing F-matrices for a chain of length A^i + • ■ •+iV„. In particular, 
we shall abbreviate 



(126) 
(127) 



F*<,,..^<„,(.W,...,.(")) = FV,^ 
F„(„,...„,i)(z;("\...,«(i)) = F 



Ni\ l"l 








/ (") 









Note that the ordering of the spaces in p26l) is different to the ordering in (I127p . Using these definitions, 
we make the following claim. 
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Lemma 8. Let \'^{v^^\ ... ,v^"'>)) eY^{i) and {'^{v^"\ . . . ,v^^'^)\ €Y*^^i^ be Bethe eigenvectors given by 
the formulae Ull\) and \116\) . respectively. They are related to the F -matrices \126\) and \12T^ by the 
equations 



(128) |vI/(z;W,...,«("))} = (n-l|, 



.,(z;«,...,z;("))|l)„a)^---»|n)„( 



(129) (*(«("), . . . , = (nL(„, (lL(i,F„(„)...a(i) («^"\ • ■ • , «^'^)|l)a(^) 

Proof. At the level of their components, equations (|128p and (|129p become 



(130) 



|^P(i,W,...,z;(")))' 



{l}{2}...{n} 
W{l}-{n-l} 



(131) 



(vl/(«("),...,i;(l))| 



) {v 



in) 



,V 



(1)^ 



{«} {2}{1} ' 

where (for example) the top row of indices on the right hand side of (|130l) should be interpreted as 
(132) {l}{2}----{n} = l_^|2_^|---|?T_^^. 

Using the arguments of Subsections 14.31 and 15.21 both the right hand sides of (|130l) and (|13ip may be 
reahzed as bipartite graphs of appropriate permutations. Up to the irrelevant freedom in choosing these 
permutations (which is resolved by Lemma 2), we find that the graphs obtained are exactly (jl2ip and 
(|122l) . respectively. □ 

7. Summary 

In Section 2 we presented a new formula for the i^-matrix of quantum spin chains based on the algebras 
y{sln) and Uq{sln). Our expression is similar in nature to that of [1] for y{sl2) and Uq{sl2), in the 
sense that it is factorized into a product of partial .F- matrices. As we remarked, tier-fc of the sl{n) 
i<"-matrix only exhibits non-trivial interaction between the colours {1, . . . , k}. Hence the decomposition 
of the sl(n) i^-matrix into tiers is similar in its conception to the nested Bethe Ansatz construction of 
eigenstates of the transfer matrix. 

In Section 3 we proved that the F-matrix satisfies the factorizing equation (|T7)). The proof was 
based on two simple lemmas, equations (pS)) and (|52p . which give information about the commutativity 
of a tier-fc i?-matrix with tier-A; partial F-matrices. Having proved these two lemmas it was easy to 
deduce the statement (|47)). since our F-matrix is just a product of tier-A: partial F-matrices, with k 
taking values in {2, . . . , n}. 

In Section 4 we studied the special cases n = 2, 3 of the formula ([33]). The main observation was that 
all components of the F-matrix are given by formulae of the type (Fi...Ar)^^.'.'.'^^ — [Ri,,,N)l\'---i'^ i where a 
is any permutation which orders the incoming colours. This enabled us to show that the expression ([331) 
is equivalent to ([75]) . as obtained in In Section 5 we started from the equation (|75|) for the components 
of the F-matrix, and gave entirely diagrammatic proofs of its lower triangularity and invertibility. We 
point out that it is also possible to formulate the object F* ^ in terms of suitable partial F-matrices. 
This is achieved by making an appropriate definition for the partial F-matrices such that the outgoing 
colours are sorted in increasing order from left to right, whereas Fi. jv sorts the incoming colours in 
decreasing order from left to right. 

In Section 6 we obtained new formulae, equations (jl30p and (|131l) . relating the components of an sl{n) 
Bethe eigenvector for a chain of length A^i to the components of an sl{n) F-matrix for a chain of length 
A^i -I- A'2 + • ■ • + Nn. Notice that this is quite distinct from the standard use of the F-matrix in these 
models, in which operators are conjugated by F-matrices with Ni spaces. We hope that the formulae 
(|128p and p29p for the Bethe eigenvectors will provide a new approach for the study of scalar products 
and correlation functions in these model^, but this is beyond the scope of the present paper. 
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'A similar proposal, in the context of the sl{2) XXX and XXZ spin chains, may be found in Remark 4.1 of [I]. 

29 



References 



[1] V. G. Drinfel'd, Quantum groups, Journal of Mathematical Sciences 41 No. 2 (1988), 898-915 
[2] V. G. Drinfel'd, Quasi- H op f algebras, Leningrad Mathematical Journal 1 (1990), 1419 

[3] V. G. Drinfel'd, Constant guasi- classical solutions of the Yang-Baxter quantum eguation, Soviet Mathematics Doklady 
28 (1983), 667 

[4] J. M. Maillet, J. Sanchez de Santos, Drinfel'd twists and algebraic Bethe Ansatz, American Mathematical Society 

Translations Series 2 201 (2000), "arXiv:q-alg/9612012' 
[5] N. Kitanine, J. M. Maillet, V. Terras, Form factors of the XXZ Heisenberg spin-^ finite chain. Nuclear Physics B 

554 (1999), 647-678, arXiv:niath-ph/9807020 
[6] T. D. Albert, H. Boos, R. Flume, K. Ruhlig, Resolution of the nested hierarchy for rational sl{n) models, J. Phys. A 

33 (2000), 4963-4980 

[7] P. P. Kulish, N. Yu. Reshetikhin, Diagonalization of gl{n) invariant transfer matrices and quantum N-wave system 

(Lee model), J. Phys. A 16 (1983), L591-L596 
[8] S. Belliard, E. Ragoucy, Nested Bethe Ansatz for 'all' closed spin chains, J. Phys. A 41 (2008), 295202 
larXlv:0S04.:5S22 

[9] V. E. Korepin, N. M. Bogoliubov, A. G. Izergin, Quantum inverse scattering method and correlation functions, 

Gambridge University Press (1993) 
[10] S. G. Mc Ateer, M. Wheeler, Factorizing F-matrices and the XXZ spin-^ chain: A diagrammatic perspective. Nuclear 

Physics B 851 [FS] (2011), 346-379, arXiv: 1103.4488 
[11] R. Penrose, Applications of negative dimensional tensors, Gombinatorial Mathematics and its Applications (editor 

D. J. A. Welsh), Academic Press (1971) 
[12] M. Jimbo, Quantum R- matrix for the generalized Toda system, Gomm. Math. Phys. 102 (1986), 537-547 
[13] R. J. Baxter, Exactly solved models in statistical mechanics, Dover (2008) 

[14] M. Jimbo (editor), Yang-Baxter equation in integrable systems. Advanced Series in Mathematical Physics 10, World 
Scientific (1990) 

[15] M. Wadati, T. Deguchi, Y. Akutsu, Exactly solvable models and knot theory, Physics Reports (Review section of 
Physics Letters) 180 Nos. 4 and 5, North-Holland-Amsterdam (1989) 

Department of Mathematics and Statistics, The University of Melbourne, Parkville, Victoria, Australia. 
E-mail address: s.mcat6er@ms.uiiimelb.edu.au, m.wheelerams.unimelb.edu.au 



30 



